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Abstract. We study Born-Infeld gravity coupled to a static, nonrotating electric field
in 2+ 1 dimensions and find exact analytical solutions. Two families of such solutions
represent geodesically complete, and hence nonsingular, spacetimes. Another family
represents a point-like charge with a singularity at the center. Despite the absence
of rotation, these solutions resemble the charged, rotating BTZ solution of General
Relativity but with a richer structure in terms of horizons. The nonsingular character
of the first two families turn out to be attached to the emergence of a wormhole
structure on their innermost region. This seems to be a generic prediction of extensions
of General Relativity formulated in metric-affine (or Palatini) spaces, where metric and
connection are regarded as independent degrees of freedom.
PACS numbers: 04.20.Jb, 04.40.Nr, 04.50.Kd, 04.70.Bw
Submitted to: Class. Quantum Grav.
Geodesically complete BTZ-type solutions of 2 + 1 Born-Infeld gravity 2
1. Introduction
The year 1992 awaken with the striking and unexpected finding by Ban˜ados, Teitelboim
and Zanelli (BTZ) of a class of vacuum solutions of the 2 + 1 dimensional Einstein
field equations of General Relativity (GR) with a negative cosmological constant
Λ = −1/l2Λ < 0. In Schwarzschild-like coordinates, these solutions are given by the
metric [1]
ds2 = −N(r)dt2 +N(r)−1dr2 + r2(dφ+Nφdt)2
N(r) = −M + r
2
l2Λ
+
J2
4r2
; Nφ = − J
2
2r2
(1)
and are characterized by mass,M , cosmological constant length squared, l2Λ, and angular
momentum, J . The relevance of this geometry is twofold: first for M > 0 it describes
a family of black hole solutions with two (inner and event) horizons, provided that
M > |J |l−1Λ (when M = |J |l−1Λ the two horizons merge into an extreme black hole), and
sharing many physical features with the four dimensional Kerr black hole, a finding that
seemed to contradict previous results in the literature by that time [2]. In addition, the
solution M = −1 (and J = 0) emerges as a three dimensional Anti-de Sitter (AdS3)
state, disconnected from the spectra of black hole solutions with M > 0 by a mass gap.
Such a state contains no horizons, but there is no curvature singularity to hide, either, a
finding that represented a great insight on the understanding of spacetime singularities
in the context of classical gravitation. In the gap −1 < M < 0 separating the black
hole solutions from the AdS3 state, one finds naked singularities that can be interpreted
as topological defects supported by a 0-brane [3]. The vacuum BTZ solution can be
enlarged to include an electric charge Q, with similar nice properties [4, 5].
Though it took some time to fully understand and appreciate its features, along the
years its impact upon the AdS/CFT correspondence [6, 7], thermodynamic properties
[8], connections to solid state physics [9] and regular solutions has significantly increased
(see [10] for a detailed analysis of the properties of the BTZ solution). Indeed, it has
triggered a great deal of interest upon GR in 2 + 1 dimensions, in order to get further
insights on the fundamental nature of gravitation using a scenario where the inherent
mathematical complexity of GR is significantly softened. Among the problems studied
in the 2 + 1 context so far, we mention the magnetic counterparts of the electrically
charged BTZ solution [11], gravitational collapse [12], geometric and thermodynamic
features of several non-linear models [13], wormholes [14], BTZ-like solutions out of the
coupling to scalar fields [15], hairy BTZ-like black holes [16], or thin-shell solutions [17].
A different viewpoint on this subject is to consider extensions of GR, which
have been widely investigated over the last decade both on their theoretical and
phenomenological aspects in connection with high-energy physics and cosmology (see
e.g. [18] for some reviews on the subject). In this sense, BTZ-type solutions have been
studied within f(R) gravity [19], dilaton gravity [20], teleparallel and f(T ) gravities
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[21], Chern-Simons [22], Kaluza-Klein [23], noncommutative geometries [24] and Brans-
Dicke theory [25]. Our work is placed in this context and its main aim is to find the
counterpart of the electrically charged 2+1-dimensional BTZ solution without rotation
in the context of an interesting proposal for extending GR, dubbed Born-Infeld gravity
[26, 27, 28]. This theory has attracted a good deal of attention in the last few years
due to its many applications regarding astrophysics [29], black hole physics [30] and
cosmology [31]. This is, in particular, due to the fact that the field equations of the
theory have the appealing feature of being ghost-free and second-order when formulated
in the Palatini approach, where metric and connection are regarded as independent
entities (see [32] and [33] for a detailed description of this approach). This is in sharp
contrast with the generic higher-order derivative field equations typically found in the
metric formulation of modified gravity (where the affine connection is taken a priori to
be given by the Christoffel symbols of the metric). Note, however, that the teleparallel
version of the theory also satisfies second-order equations [34].
Recently it was found that the four dimensional Born-Infeld gravity coupled to
electromagnetic fields supports geometries that are free of spacetime singularities for
the full spectrum of mass and charge [35]. The last statement holds true regardless of
the potential blow up of curvature scalars in some cases, whose meaning and impact
were subsequently analyzed in Ref.[36]. As will be shown here, in the 2+ 1 dimensional
electrovacuum scenario considered in this work, the corrections induced by Born-Infeld
gravity have their reflection on the geometry in that, besides a cosmological constant
term, a new term which is formally similar to the J2 contribution of the rotating BTZ
solution appears. Significant novelties as compared to that solution also involve a richer
description in terms of horizons, and a non-trivial modification of the innermost region,
where a wormhole structure arises for two families of solutions. This wormhole provides
a geodesically complete and hence regular spacetime for all the spectrum of mass, charge,
cosmological constant and Born-Infeld gravity length scale. In addition, another family
of solutions without wormhole structure and a point-like singularity at the center is also
discussed.
The content is organized as follows: in Sec.2 we introduce the theory and the
conventions, derive the field equations and solve them for a circularly symmetric
electrostatic (Maxwell) field. The properties of the resulting solutions are discussed
in Sec.3, where the analysis is split into two families of wormhole solutions and a non-
wormhole one, paying special attention to the structure of horizons and discussing briefly
the thermodynamics. The geodesic behaviour for all these families is considered in Sec.4
and we conclude in Sec.5 with a discussion and some perspectives.
2. Action, field equations, and solutions
The action of Born-Infeld gravity in d spacetime dimensions can be written as
SBI =
1
κ2ǫ
∫
ddx
[√
−|gµν + ǫRµν(Γ)| − λ
√−g
]
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+ Sm(gµν , ψm), (2)
with the following definitions: κ2 ≡ 8πld−2P defines the d-dimensional Newton’s constant
in terms of the Planck length lP , vertical bars denote a determinant while g is the
determinant of the spacetime metric gµν , which is a priori independent of the affine
connection Γ ≡ Γλµν (Palatini approach). The Ricci tensor Rµν(Γ) ≡ Rαµαν , where
Rαβµν = ∂µΓ
α
νβ − ∂νΓαµβ + ΓαµλΓλνβ − ΓανλΓλµβ is the Riemann tensor, is entirely built out
of the connection Γλµν . Sm is the matter action, which is assumed to depend only on the
metric and the matter fields, that are collectively labelled as ψm. The meaning of the
(length squared) parameter ǫ, and of the constant λ in the action (2), follows from an
expansion in series of ǫ≪ 1, which yields
lim
ǫ→0
SBI =
∫
ddx
√−g
[
(1− λ)
ǫκ2
+
1
2κ2
R
]
+ ǫ
∫
ddx
√−g
[
1
4κ2
(
1
2
R2 − RµνRµν
)]
(3)
+ O(ǫ2) + Sm.
At zeroth and first order in this expansion we obtain the Einstein-Hilbert Lagrangian
of GR with an effective cosmological constant term Λeff = (λ − 1)/(κ2ǫ). Note that
the next-to-leading order terms correspond to quadratic curvature corrections. Thus
Born-Infeld gravity is an extension of GR that modifies its dynamics in regions of short
lengths, as compared to the characteristic length-squared scale, ǫ, present in the system.
As we are working in the Palatini approach, independent variations of the action (2)
with respect to metric and connection must be performed to obtain the field equations,
which yields the two systems of equations√−q√−gq
µν − λgµν = − κ2ǫT µν (4)
∇α(
√−qqµν) = 0, (5)
where q is the determinant of the (auxiliary) metric qµν ≡ gµν + ǫRµν , and Tµν =
− 2√−g δSmδgµν is the stress-energy tensor of the matter. The convenience of introducing the
metric qµν lies on the fact that Eq.(5), which is fully equivalent to ∇αqµν = 0 = ∇αqµν ,
is solved as
Γλµν =
qλα
2
(∂µqαν + ∂νqαµ − ∂αqµν) , (6)
which means that the independent connection is given by the Christoffel symbols of qµν .
The latter is related to the physical metric gµν via the transformations
qµν = gµαΩ
α
ν , (7)
where the matrix Ωµν is determined through Eq.(4) by the relation (hereafter a hat
denotes a matrix)
|Ωˆ|(Ω−1)µν = λδµν − ǫκ2T µν . (8)
It is important to realize that this equation provides a solution Ωˆ ≡ Ωˆ(T µν) and thus the
transformation (7) between qµν and gµν only depends on the matter sources. This, in
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turn, gives consistency to the introduction of the metric qµν to solve Eq.(5). Now, using
the relations (7) and (8) together with the definition of qµν , the metric field equations
(4) can be rewritten as
Rµ
ν(q) =
κ2
|Ωˆ|1/2 (LGδµ
ν + Tµ
ν) , (9)
where the gravitational Born-Infeld Lagrangian, LG, in Eq.(2) is written as
LG =
|Ωˆ|1/2 − λ
ǫκ2
. (10)
Eqs.(9) represent a system of Einstein-like, second-order field equations for the metric
qµν . All the contributions on the right-hand side of such equations are just functions of
the matter and, as such, they can be collectively read as a modified stress-energy tensor.
The algebraic and matter-dependent character of the transformations (7) guarantee the
second-order character of the field equations for gµν as well. Note in passing that in
vacuum, Tµ
ν = 0, one has that Ωˆ = Iˆ and gµν = qµν (modulo a trivial re-scaling),
and the field equations (9) boil down to those of GR with a cosmological constant term.
Thus, vacuum solutions are the same as those of GR and the theory is ghost-free‡, which
means that only in presence of matter the non-trivial dynamics of Born-Infeld gravity
is excited.
Regarding the matter sector, and to make contact with charged BTZ solutions [4, 5],
let us consider a Maxwell electric field, whose action in a 2 + 1 dimensional spacetime
reads
Sm = − 1
16πlP
∫
d3x
√−gFµνF µν , (11)
where Fµν = ∂µCν − ∂νCµ is the field strength tensor of the vector potential Cµ. The
matter field equations, ∇µ(√−gF µν) = 0, in a static spherically symmetric line element
of the form
ds2g = −A(x)2dt2 +B(x)2dr2 + r2(x)dφ2, (12)
and for a circularly symmetric field (whose components are F0i 6= 0; Fij = 0, i, j = 1, 2),
yield a solution that can be written as
X =
Q2
r2(x)
, (13)
where X ≡ −1
2
FµνF
µν does not depend explicitly on the metric functions A(x) and
B(x), and Q is an integration constant identified as the electric charge associated to a
given solution. On the other hand, the stress-energy tensor for an electromagnetic field
Tµ
ν = − 1
4πlP
(
Fµ
αFα
ν − 1
4
δµ
νFα
βFβ
α
)
, (14)
‡ This seems to be a generic property of classical theories of gravity formulated in the Palatini approach
[37].
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in the 2+1 dimensional circularly symmetric electrostatic spacetime (12) takes the form
Tµ
ν =
X
8πlP
(
−Iˆ2×2 0ˆ1×2
0ˆ2×1 1
)
, (15)
where Iˆ and 0ˆ are the identity and zero matrices, respectively. With this matter source,
we find that introducing the ansatz
Ωˆ =
(
Ω+Iˆ2×2 0ˆ1×2
0ˆ2×1 Ω−,
)
, (16)
consistency with the definition (8) and the expression (15) leads to
Ω− = (λ+ X˜)
2 (17)
Ω+ = (λ− X˜)(λ+ X˜), (18)
where X˜ ≡ ǫκ2
8πlP
X = ǫκ
2Q2
8πlP r2
is a dimensionless quantity (note that the charge Q is also
dimensionless). With all these expressions, the field equations (9) in the present case
follow immediately after a bit of algebra
ǫRµν(q) =


(
Ω+−1
Ω+
)
Iˆ2×2 0ˆ
0ˆ
(
Ω
−
−1
Ω
−
)
,

 . (19)
Computing the components of the Ricci tensor and noting that the right-hand side
implies Rx
x − Rtt = 0, the resulting relation allows us to write the line element for qµν
under the standard Schwarzschild-like form
ds2q = −A˜(x)2dt2 +
dx2
A˜(x)2
+ x2dφ2. (20)
On the other hand, the component Rφφ of the field equations (19) leads to the following
equation (here a subindex means a derivative)
− [A˜(x)
2]x
x
=
1
ǫ
(
Ω− − 1
Ω−
)
, (21)
for the only independent metric component, A˜(x). Using the relation (which follows
from the transformations (7) in the angular sector)
x2 = Ω−r2, (22)
which by simple derivation yields
dx =
Ω+
Ω
1/2
−
dr, (23)
we can rewrite (21) as
− [A˜(x)2]r = rΩ+
ǫ
(
Ω− − 1
Ω−
)
, (24)
and with a bit of algebra it can be put as
[A˜(x)2]r = −λ
2 − 1
s|ǫ| r + s
|ǫ|
r3
Q4 −
(
Q2
λ
)
d
dr
ln
(
λr2 + sr2c
)
. (25)
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Upon integration, this leads to
A˜(x)2 = k − λ
2 − 1
2s|ǫ| r
2 −Q2
(
sr2c
2r2
+
1
λ
ln
[
λr2 + sr2c
r20
])
, (26)
where k is an integration constant, s denotes the sign of ǫ, r2c ≡ |ǫ|κ2Q2/8πlP = |ǫ|Q2
sets the natural scale of the Born-Infeld gravitational corrections, and r must be seen
as a function of x (due to Eq.(22)). The meaning of the constant r0 in this expression
comes from the fact that, due to the logarithm behavior of the electromagnetic field in
2 + 1 dimensions, variation of the matter action (11) would yield a divergent surface
boundary term at r →∞. Nonetheless, like in the standard BTZ case [5], enclosing the
system in a large circle of radius r0 allows to cancel out such a boundary term, while
the mass (which is related to the integration constant k, see below) becomes dependent
on r0. Though at the level of the field equations one could redefine constants to absorb
r0 into the mass parameter, we will leave r0 explicit on the metric for convenience. It is
also worth noting that the solution (26) is invariant under r → −r.
Now, using the transformations (7) with the expressions (17) and (18), the line
element for gµν in Eq.(12) for these solutions can be written as
ds2g = −A(r)2dt2 +
1
A(r)2
(
dx
Ω+
)2
+ r2(x)dφ2, (27)
with the definition A2 ≡ A˜2
Ω+
and where the explicit form of the relation r = r(x) will
be discussed in detail later. But before going into that we note that for a circularly
symmetric metric in 2 + 1 dimensions the constants of integration must be chosen in
such a way that the constant term of the asymptotic far limit of the metric represents the
mass at infinity [13]. Thus, making series expansions of A(r) for r ≫ rc and identifying
constants one gets (k−λ−1Q2 ln[λ])/λ2 = −M . With this identification, and rearranging
terms in (26) we can write
A˜(x)2 = −λ2M − λ
2 − 1
2s|ǫ| r
2 −Q2
(
sr2c
2r2
+
1
λ
ln
[
r2 + sr2c/λ
r20
])
. (28)
The far behavior of the metric function A(r) = A˜
Ω+
, which coincides with the limit
|ǫ| → 0, can be read directly from Eq.(28) because in this limit Ω+ = λ2− (rc/r)4 ≈ λ2.
The result is
A(r)2 ≃ −M − λ
2 − 1
2λ2s|ǫ|r
2 − 2Q
2
λ3
ln
[
r
r0
]
+O
( ǫ
r2
)
. (29)
In this limit, the leading order terms (for asymptotically AdS solutions) coincide with
the solution of a 2 + 1 electromagnetic field in the context of GR [4]
AGR(r)
2 = −M + r
2
l2Λ
− 2Q2 ln
[
r
r0
]
, (30)
in agreement with the fact that Born-Infeld gravity reduces to GR in that limit.
Comparison of (29) with (30) allows us to identify Λ˜eff ≡ −1/l2Λ = λ
2−1
2λ2s|ǫ| as the effective
cosmological constant of the theory, which we will assume negative from now on. On the
other hand, recalling that |ǫ| is a very small length scale squared, it follows that λ must
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be extremely close to unity. This is something we will assume in practice, even if we
keep λ explicit everywhere. For AdS spaces, which are the ones we are most interested
in, we must have λ > 1 when s = −1 and λ < 1 if s = +1.
From the far limit we thus see that only as one approaches the central region of
these solutions do modifications to the solutions of GR appear. It is thus necessary to
understand in detail those modifications.
3. Analysis of the solutions
3.1. Wormhole structures
With the expressions provided so far, the relation (22) between x and r can be explicitly
written as
x2 = r2
(
λ+ s
r2c
r2
)2
, (31)
which can be inverted to yield the result
|r(x)| = |x| ±
√
|x|2 − 4sλr2c
2λ
, (32)
where the plus sign in front of the square root should be chosen in order to recover
the correct asymptotic limit, |r(x)| ≃ |x|. The modulus is necessary to emphasize the
invariance of the metric under the transformations r → −r and x → −x. In order to
understand the behavior of the radial function r(x) in (32), let us split the discussion
depending on the value of s which, recall, corresponds to the sign of ǫ.
3.1.1. Case s = −1 If s = −1 then r(x) reaches a minimum of magnitude
rmin =
rc
λ1/2
, (33)
at x = 0 (see Fig.1). This puts forward the existence of a minimum circumference of
length Lmin = 2πrmin, which precludes the localization of the charges that generate the
field at the center r = 0. Rather than as a problem, this should be seen as a virtue of the
theory. In fact, by admitting that x is defined over the whole real line, the function r(x)
can be extended§ also to negative values of x and one can interpret the electric charge of
the field as a topological flux through a wormhole (see [38] for a full account on wormhole
physics), with x = 0 representing the location of the wormhole throat‖. According to
Gauss’s theorem, the electric charge can be determined by the flux of electric lines
flowing through the (circularly symmetric) wormhole throat as Q =
∫
S1
∗F , where ∗F
is Hodge dual of the field strength tensor. The possibility of defining a charge without
§ Note, in this sense, that only |x| enters into the definition of r(x).
‖ This clarifies why in the derivation of the field equations we have used the radial variable x instead
of r(x). The reason is that r is only a valid radial coordinate in those intervals where it is a strictly
monotonic function. Thus, one would need two charts in terms of r(x) to cover the entire wormhole
geometry, but a single one in terms of x.
Geodesically complete BTZ-type solutions of 2 + 1 Born-Infeld gravity 9
Figure 1. Representation of r(x) for s = −1 (solid curve). Both axes are expressed in
units of rmin = rc/λ
1/2. Dashed lines represent the asymptotic GR behavior r(x) = |x|.
making use of charge densities is at the heart of the charge-without-charge mechanism
proposed by Misner and Wheeler long ago and on the introduction of the concept of
geon [39]. Geometries with similar properties in four and higher dimensional Born-Infeld
gravity with s = −1 have also been found recently [40, 41], where these wormholes were
identified as geons.
3.1.2. Case s = +1 When s = 1, then it is |x(r)| that has a minimum of magnitude
|xmin| = 2λ1/2rc , (34)
which occurs at (see Fig.2)
|r(xmin)| = rc
λ1/2
. (35)
Interestingly, this value of r(xmin) coincides with the minimum radius rmin of the s = −1
case. The existence of this minimum for x(r) indicates that x is not a good coordinate to
cover the whole geometry, in much the same way as r was not appropriate for s = −1.
The fact that r(xmin) is not zero at the minimum of x (see Fig.2) also implies that
extending r to the negative axis cannot solve the problem either. In order to gain some
insight on how to proceed, we find it useful to explore how this minimum is reached.
In the s = −1 case one finds that r−(x) ≈ rmin + |x|/2λ, whereas for s = +1 one gets
r+(x) ≈ rmin+
√
rmin(|x| − |xmin|)/λ3/4. This naturally motivates the introduction of a
new coordinate y (defined over the whole real line) in the form |x| = |xmin|+y2/(4λrmin)
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such that r+(y) ≈ rmin+ |y|/2λ takes the same functional dependence near its minimum
as in the s = −1 case. This change in the radial coordinate implies the identification
of the two minima of |x(r)|, which are located at r = ±rmin (see Fig.2). Given that
the metric is invariant under the change r → −r, this identification does not imply any
discontinuity in the metric. In fact, this transformation is similar in spirit to that used by
Einstein and Rosen [42] in their construction of a particle model using the Schwarzschild
geometry (the so-called Einstein-Rosen bridge). The resulting geometry is thus similar
to that found in the case s = −1 and can also be interpreted as a wormhole generated
by a topological electric flux.
Figure 2. Representation of |x(r)| for s = +1 (solid curve). Both axes are expressed
in units of rmin = rc/λ
1/2. Given that the metric is invariant under r → −r, the two
minima can be joined in a continuous way by identifying the points r/rmin = +1 and
r/rmin = −1.
It should be noted that this procedure is also valid in higher dimensions, where the
relation (31) between x and r takes the form
x2 = r2
(
λ+ s
[rc
r
]2(d−2)) 2d−2
, (36)
which can be rewritten as
|x|2(d−2) = |r|2(d−2)
(
λ+ s
[rc
r
]2(d−2))2
. (37)
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Dividing on both sides by r
2(d−2)
c and defining |X| ≡ (|x|/rc)d−2 and |Z| ≡ (|r|/rc)d−2,
the resulting equation becomes identical with (31) and, therefore, its solutions and
extrema in terms of X and Z coincide with those already discussed above. The d-
dimensional results, therefore, follow from those presented here by just replacing |r| →
|r|d−2 and |x| → |x|d−2. In that situation, |rmin/rc|d−2 = 1/λ1/2, |xmin/rc|d−2 = 2λ1/2,
and the change of coordinates that identifies the two minima of the function x(r)
takes the form |x/rc|d−2 = |xmin/rc|d−2 + (y2/rc)d−2/4λ1/2, which leads to |r/rc|d−2 =
|rmin/rc|d−2 + |y/rc|d−2/2λ. In Fig.3 the function r+(y) is shown for different values of
the dimension d. Note that because r(y)d−2 goes asymptotically like ∼ y2(d−2), Fig.3
actually represents
√
r+(y) (multiplied by a normalization constant). The case s = +1,
therefore, admits a geon-like/wormhole interpretation in much the same way as the
s = −1 case studied in [41]. It is important to note that the function r(y) near its
minimum is smooth for all values of d > 3 (see Fig.3 as an illustration). Only the
case d = 3 has a discontinuous derivative at the minimum (vertex) due to its linear
dependence on the modulus of y. Something similar occurs when s = −1 (see Fig.1).
Figure 3. Representation of α
√
r(y)/rc for s = 1, with α = (4λ
1/2)1/(2d−4). Both
axes are expressed in units of rmin (and λ = 1 for simplicity). The upper (blue) line
represents the d = 3 case, the middle line (green) is d = 4, and the lower (red) curve
is d = 9. Dots represent the asymptotes ±y.
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3.2. Non-wormhole solution
In the s = +1 case, one may also consider the solution in which r is defined within the
standard interval r ∈ [0,∞[. The metric function A˜(r) takes then the form
A˜(r)2 = −λ2M + λ
2r2
l2Λ
−Q2
(
sr2c
2r2
+
1
λ
ln
[
r2 + sr2c/λ
r20
])
, (38)
and the behavior near the center is dominated by the angular momentum term −Q2r2c
2r2
,
which has the wrong sign as compared to the BTZ solution of GR. Using the relation
(23), the line element (27) takes the form
ds2g = −A(r)2dt2 +
1
A(r)2
dr2
Ω−
+ r2dφ2 , (39)
and near r → 0 becomes (here dt˜ = q2dt/2)
ds2g =
2r2
Q2r2c
(
−dt˜2 + dr2 + Q
2r2c
2
dφ2
)
, (40)
which looks like a conformally Minkowskian sphere of area A = 2πr2cQ
2.
3.3. Comparison to BTZ black hole with charge
According to Carlip [4], the line element of the BTZ black hole with (negative)
cosmological constant Λ < 0 (l2Λ > 0), mass M , charge Q, and angular momentum
J , can be written as
ds2 = −f(r)2dt2 + 1
f(r)2
dr2 + r2
(
dφ− J
2r2
dt
)2
, (41)
where
f(r)2 = −M + r
2
l2Λ
+
J2
4r2
− Q
2
2
ln
r
r0
. (42)
The functional resemblance between this expression and our results is remarkable. Aside
from the J−dependence of the crossed term dφdt, the time component is essentially
the same up to a redefinition of constants. In fact, the J2 term is now given by
J2 → −2sQ2r2c , which is related to the |ǫ| parameter of Born-Infeld gravity and the
electric charge via r2c = |ǫ|Q2. Its sign can also be controlled, not being fixed to be
positive. This puts forward that even without angular momentum, our solutions can
have event horizons (see Sec.3.5 below).
The logarithmic dependence is also very interesting and implies the existence
of a limiting value for the radial coordinate, which cannot drop below the scale
rmin = rc/λ
1/2, when s = −1. As pointed out above, this is a sign that a wormhole
structure exists. Something similar can also be inferred for the s = +1 case due to the
behavior of the function x2(r), as has been already discussed. It is also worth mentioning
that the correction a ≡ sr2c/λ appearing in the logarithm is similar to some models
studied in the context of GR [43]. In those models, such corrections were introduced
by hand, i.e., by defining first the geometry and then driving the Einstein equations
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back in order to find the matter source supporting it. The resulting such source can be
interpreted as a kind of non-linear electrodynamics model, with the peculiarity that the
corresponding solutions yield finite curvature scalars everywhere (note that such models
are known to be physically problematic, though [44]). In contrast, in our case the new
form of the metric arises from an a priori defined action, i.e, not designed in an ad hoc
manner.
3.4. Curvature scalars
Regarding the presence of curvature divergences for the solutions above, one may
compute the Kretschmann scalar, K ≡ RαµαβRαµαβ , for both cases s = ±1. Though
long expressions are obtained, one can expand them in the relevant regions. Taking
λ = 1 for simplicity, for r ≫ rmin one gets the result
K(r ≫ rmin) ≃ 12Q
4
r4
∓ s60r
2
cQ
4
r6
+O
(
1
r8
)
, (43)
where the first term corresponds to the GR behavior. This is the same result as one
would obtain when the limit |ǫ| ≪ 1 is considered. In the wormhole cases, when the
Kretschmann is expanded around the minimum of the radial coordinate, rmin, one gets
a divergence to leading order
K(r → rmin) ∼ α(M,Q, λ, s, |ǫ|, r0)
(r − rmin)4 +O
(
1
(r − rmin)3
)
, (44)
where α(M,Q, λ, s, |ǫ|, r0) is a constant whose particular value is not relevant for this
discussion. Thus, this divergence is of the same magnitude as in the GR case, though
it is now displaced to the circumference of radius rmin. In the non-wormhole solution of
the s = +1 case, the Kretschmann near the origin r → 0 diverges as ∼ Q4r4c/r8. This
divergence is reached after crossing the one located at r = rmin, where the function Ω+
vanishes. To see what this implies upon the regularity of the corresponding spacetimes
we will have to study the geodesic structure of the solutions, as we shall see in Sec.4.
But before going that way let us have a look at the horizons of these solutions.
3.5. Horizons
For the line element (27), the horizons are given simply by the zeros of A(r)2 = A˜(r)
2
Ω+
.
The presence of the logarithm makes it impossible to find closed analytical expressions
for the values of r at which the horizons are located. For this reason, we prefer to
adopt a relaxed perspective and provide a qualitative discussion of the number and
location of the possible horizons. We begin by introducing a dimensionless radial variable
z = r/rmin in terms of which A(r)
2 becomes
A(r)2 =
Q2/λ2
1− 1
z4
[
−M
2
eff
Q2
−
(
sλ
2z2
+
1
λ
ln
[
z2 + s
])
+
λ2r2min
Q2l2Λ
z2
]
, (45)
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where Meff ≡ λ2M + 2Q2λ ln[rmin/r0]. For the sake of clarity, we will assume λ → 1
everywhere except in the definition of l2Λ. So, in practice, we will be dealing with
A(r)2 =
Q2
1− 1
z4
[
−M
2
eff
Q2
−
( s
2z2
+ ln
[
z2 + s
])
+
r2min
Q2l2Λ
z2
]
. (46)
Moreover, we will assume that l2Λ ≫ r2min, in such a way that the term r
2
min
Q2l2
Λ
z2 is negligible
as the region z → 1 is approached. The presence or not of horizons is thus crucially
determined by the behavior of the function Fs(z) ≡
(
s
2z2
+ ln [z2 + s]
)
around z → 1
(see Fig.4).
Figure 4. Representation of Fs(z). The solid line represents s = −1 and the dotted
one s = +1.
3.5.1. Case s = −1. When s = −1, we find that limz→1+ F−(z) → −∞. As a result,
for any finite value ofMeff/Q
2 (regardless of its sign) we have A2 > 0 there. For z ≃ 1.5,
we have F−(z) > 0 and given that
r2min
Q2l2
Λ
z2 is negligible, A2 must vanish at some z ≥ 1.5
if Meff/Q
2 > 0 or at 1 < z ≤ 1.5 if Meff/Q2 < 0. This sets the location of an inner
horizon zin. An outer horizon must arise at some zout > zin when the
r2min
Q2l2
Λ
z2 term grows
enough to compensate the negative contribution of −M2eff/Q2 − F−(z). Depending on
the particular values of the parameters, configurations with one (degenerate) horizon
and with no horizons are also possible.
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3.5.2. Case s = +1 with wormhole at z = 1. When s = +1, we find that
limz→1+ F+(z) → 1/2 + ln 2 ≈ 1.19315 ≡ ζ . This implies that if Meff/Q2 > −ζ then
limz→1+ A2 < 0, which implies that this region is hidden behind an event horizon. At
larger values of z there must be a point at which the logarithmic growth of F+(z) and the
AdS term ∼ z2 meet to set the location of the horizon. These configurations, therefore,
can be regarded as Schwarzschild-like and are not found in the case of standard BTZ
solutions of GR. On the other hand, if Meff/Q
2 < −ζ , we have that limz→1+ A2 > 0.
The growth of F+(z) must lead to an inner horizon at some z > 1. When the z
2
term dominates, an outer horizon emerges defining the region where A2(z) > 0 again.
Obviously, this Reissner-Nordstro¨m-like configuration may also have cases with a single
(degenerate) horizon and with no horizons, depending on the specific values of the
parameters.
3.5.3. Case s = +1 without wormhole at z = 1. The previous discussion also applies
to this one up to z → 1+. As z = 1 is crossed, the (1− 1/z4) term in the denominator
of A2 implies a divergence and a change of sign. This change of sign is not due to a zero
in A2 and, therefore, z = 1 cannot be regarded as a typical horizon. For 0 ≤ z < 1− we
need to note that A2 > 0 everywhere if Meff/q
2 > −ζ , whereas for Meff/q2 < −ζ the
transit from 1+ to 1− involves a change of sign that makes A2 < 0. As z → 0, F+(z)
grows rapidly and A2 changes sign again, defining a new inner horizon.
3.6. Thermodynamics
From the horizon structure, and the presence of event horizons in some of solutions
above, one could go further and obtain the thermodynamical behavior. The temperature
for a circularly symmetric metric is defined and obtained in our case as [45]
T =
1
4π
lim
r−rh
∂rgtt√−gttgrr =
Ω
1/2
−
4π
d
dr
(
A˜(r)
Ω+
) ∣∣∣
r=rh
(47)
where rh denotes the black hole event horizon (for which dgtt/dr|r=rh > 0), and in
the last equality we have used the relation of coordinates of Eq.(23) to write the whole
expression in the same coordinate system (this is fully equivalent to using the coordinate
x). The discussion of the temperature is highly non-trivial due to the involved interplay
between M,Q, λ, s, |ǫ|, and the lack of analytic expressions for the horizon rh in terms
of elementary functions. Nonetheless, it is easy to check that the temperature in (47)
is consistent with the charged BTZ solution (ǫ → 0) and the vacuum one (Q → 0),
as follows from the asymptotic expansion (29). It is also worth pointing out that the
entropy of black holes in 2 + 1 dimensions, S = 2πrh, does not necessarily holds in
the case of extended theories of gravity. This has been explicitly verified in several
such extensions in four spacetime dimensions [46]. The corresponding research on this
issue in the case of 2 + 1 dimensions has been scarcely explored and, to the best of our
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knowledge, it is not available for Born-Infeld gravity yet. As this issue goes beyond the
scope of this work, we shall not discuss it further here.
4. Geodesics
In the original formulation of the singularity theorems [47] (see [48] for a pedagogical
discussion), the notion of geodesic completeness is of central importance to determine
whether a given spacetime is singular or not. In this sense, no reference to the possible
divergence of curvature scalars is made at all, and the attention is focused on whether
all null and time-like geodesics can be extended to arbitrarily large values of their affine
parameter or not. The physical content of this statement is that, being time-like and null
geodesics attached to the free falling evolution of physical observers and the transmission
of information, respectively, nothing should be allowed to suddenly disappear from the
manifold or emerge out of nowhere. In this sense, it is worth pointing out that the
widespread identification found in the literature between spacetime singularities and
curvature divergences comes from the fact that, in most cases of physical interest,
those spacetimes having divergent curvature scalars are also geodesically incomplete
(see e.g. [49] for a review of regular solutions in the context of GR). Using geodesic
completeness, under the assumptions of the existence of trapped surfaces, the null
congruence condition (equivalent to the null energy condition via Einstein’s equations)
and global hiperbolicity, the unavoidable existence of spacetime singularities within GR
is proved. Here we explore whether our solutions represent singular spacetimes or not
by studying their geodesic structure.
To investigate this issue in detail, we note that for static spacetimes with line
element ds2 = −C(x)dt2 + 1
B(x)
dx2 + r2(x)dφ2, by spherical symmetry one can take
the movement to occur in the equatorial plane φ = π/2 without loss of generality, and
geodesics are described by the following equation [50]
C(x)
B(x)
(
dx
dσ
)2
= E2 − C(x)
(
L2
r2
− k
)
, (48)
where σ is the affine parameter and k = −1, 0, 1 for time-like, null-like, and space-like
geodesics, respectively. For time-like geodesics, the conserved quantities E = Cdt/dσ
and L = r2(x)dφ/dσ carry the meaning of the total energy per unit mass and angular
momentum per unit mass, respectively, while for null geodesics L/E can be identified
as the impact parameter. In our case, for the line element (27) this equation can also
be written using the relation between coordinates (22) as
1
Ω−
(
dr
dσ
)2
= E2 − A2
(
L2
r2
− k
)
. (49)
As null and time-like geodesics are associated to the transmission of information and
free-falling evolution of idealized observers, respectively (while no observer or particle
is known to be able to move in a space-like geodesic), in what follows we shall split our
analysis into two different cases, and study the geodesic evolution of the wormhole and
non-wormhole families.
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4.1. Radial null geodesics
For null radial geodesics, k = 0 = L, the above equation leads simply to
1(
λ+ sr
2
c
r2
) dr
dσ
= ±E , (50)
where the plus/minus sign represents outgoing/ingoing geodesics. Care should be
taken when the geodesics cross the wormhole throat rmin because then the signs must
be reversed to account for the change of orientation of the normal to the circularly
symmetric wormhole throat. For s = −1, the integration leads to
r
rmin
+
1
2
ln
(
r − rmin
r + rmin
)
= ±Eλ(σ − σ0) . (51)
where σ0 is an integration constant.
Figure 5. Affine parameter σ(x) for ingoing and outgoing radial null geodesics for
s = −1. For r ≫ rmin one recovers the GR behavior (dashed straight lines), r ≈ ±σ,
while when r → rmin one has σ → ∓∞ (solid blue and orange curves) and the geodesics
become complete. In this plot E = λ = 1.
For r ≫ rmin one recovers the usual behavior of GR, r ≈ ±σ. Now, the presence
of a minimum in the radial coordinate induces the behavior σ → ∓∞ as r → rmin.
This shows that such geodesics are complete (see Fig.5). This result holds true for all
the spectrum of mass and charge of the solutions, i.e. regardless of the existence of
horizons, and is also insensitive to the presence of a cosmological constant. Let us point
out that the fact that the affine parameter for null geodesics diverges at the location
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of the wormhole throat means that the wormhole actually lies on the future (or past)
boundary of the geometry and, therefore, cannot be reached in any finite affine time.
This mechanism of resolution of spacetime singularities has been already observed in
certain four dimensional f(R) models [51].
When s = +1 and the wormhole branch is considered, the solution to Eq.(50)
becomes
± Eλ(σ − σ0) =


r
rmin
− arctan
(
r
rmin
)
+ π
2
if y > 0
α− r
rmin
+ arctan
(
r
rmin
)
+ π
2
if y < 0
(52)
where α = 2
(
1− π
4
)
is a constant and r = r(x) is given by (32) with |x| =
|xmin| + y2/4λrmin. The factor π/2 has been added so as to get the asymptotic GR
limit, r ≈ ±Eλ(σ − σ0), when y → +∞. As depicted in Fig.6, these geodesics reach
the wormhole throat rmin in a finite affine time. However, it is also shown that they
can be extended beyond this point to arbitrarily large values of the affine parameter,
which implies that they are also complete for all the spectrum of mass, charge, energy
and cosmological constant term. As such, they are also insensitive to the presence of
curvature divergences at the wormhole throat, whose meaning and implications should
be separately analyzed (see [36] for some insights on the four dimensional case).
In the s = +1 case without wormhole structure, radial null geodesics are just given
by ±Eλ(σ − σ0) = rrmin − arctan
(
r
rmin
)
+ π
2
. Like in the previous case, for r ≫ rmin we
recover the GR limit. Given that the causal structure as one approaches the center is
(conformally) Minkowskian, see Eq.(40), nothing prevents that incoming geodesics reach
the region r = 0 in a finite affine time. The situation is thus similar to what occurs
in the case of the four-dimensional Reissner-Nordstro¨m black hole and, therefore, this
solution can be regarded as singular¶.
4.2. Timelike and nonradial geodesics
For time-like, k = −1, and non-radial geodesics, L 6= 0, the behavior depends on the
parameters of the particular solution considered. Since the GR limit is quickly recovered
just a few rmin units away from rmin, as the null geodesics show, we will consider only
those geodesics that are able to approach to rmin.
In the s = −1 case, we saw that A2 > 0 and diverges as r → rmin. As a result, the
right-hand side of (49) necessarily vanishes at some r > rmin, which implies a minimum
in the function r(σ). This means that all time-like and L 6= 0 geodesics bounce before
reaching rmin. A similar behavior appears when s = +1 and Meff/Q
2 < −ζ . However,
for Meff/Q
2 > −ζ , we have A2 < 0 (and divergent as r → r+min), which allows to
¶ We note that in the Reissner-Nordstro¨m case, the point-like sources that generate the electric field
are not specified and, for this reason, the field equations are not solved at r = 0. This implies that
r = 0 represents a limiting boundary of the spacetime. The fact that some geodesics can reach it in a
finite affine time legitimate us to treat this solution as singular.
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Figure 6. Affine parameter σ(r[y]) for radial null geodesics in the case s = +1 with
wormhole configuration. As opposed to the s = −1 cases, these geodesics reach the
wormhole throat rmin in a finite affine time but can be extended beyond this point,
which guarantees their completeness. In this plot E = λ = 1.
reach r = rmin. If no wormhole structure is assumed, just after crossing rmin, in the
region r−min the Ω+ term in the denominator of A
2 changes sign and turns the infinite
attractive potential of the geodesic equation into an infinite repulsive barrier. The right-
hand side of (49) then becomes negative for any finite energy and the particle cannot
get into that region. It thus follows that geodesics with k = −1 and/or L 6= 0 cannot be
extended into the region r < rmin for these non-wormhole solutions. Such geodesics are
incomplete, which provides further evidence to support that these solutions represent
singular spacetimes. If on the contrary, we consider the wormhole extension of these
solutions, the geodesics that propagate in the r > rmin (with coordinate y > 0) black
hole region (A2 < 0) must fall towards r → rmin and then bounce into the other region
r > rmin (with y < 0), which acts as a white hole due to the change of orientation in
dr/dy that occurs after the minimum at rmin (see [35] for a discussion of this type of
solutions in four dimensions).
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It thus follows that all solutions with wormhole structure are geodesically complete
regardless of the sign of ǫ. The solution in which r has been allowed to reach the
center has null incomplete geodesics is also geodesically complete if Meff/Q
2 < −ζ . For
Meff/Q
2 > −ζ , time-like and non-radial null geodesics are also incomplete.
5. Summary and conclusions
In this work we have considered the problem of electrically charged, nonrotating
solutions of Born-Infeld gravity in 2 + 1 dimensions with cosmological constant. We
found a solution for the metric components in closed, analytic form which recovers the
GR case in the corresponding limit (ǫ→ 0). This solution resembles the charged rotating
BTZ solution of GR in that a new term induced by the Born-Infeld gravity corrections
has the shape of a J2 contribution. Beyond this resemblance, these solutions contain
some nontrivial novelties such as an enlarged description in terms of (type and number
of) horizons and the presence of finite-size wormhole structures for all the spectrum of
mass and charge. When the Born-Infeld gravity parameter ǫ vanishes, the wormhole
throat closes and one recovers the standard point-like structure of GR. A (pathological)
family of solutions without wormhole structure has also been found.
The most important result of this work is the verification that all the wormhole
solutions found are geodesically complete and, therefore, can be regarded as nonsingular
spacetimes. This result is independent of the existence or not of event horizons.
Curvature divergences generically arise at the wormhole throat but are not an obstacle
for the completeness of geodesics. Therefore, even naked divergences should be regarded
as physically admissible solutions.
Though, as is common in the literature, we have focused on the behavior of geodesic
observers to characterize the singular/nonsingular character of the space-time, one
should also consider the fate of accelerated observers. In this sense, if observers with
finite proper acceleration were able to reach the boundaries of the space-time in a finite
affine time, then it would be difficult to claim that such spaces are nonsingular. The non-
traversable wormholes of the case s = −1 represent one such boundary. Preliminary
results from [52] indicate that the solutions found here are also safe for accelerated
observers with bounded radial proper acceleration (see [53] for some recent results on
uniformly accelerated observers in the literature). Thus, our claims based on geodesic
completeness seem to be robust.
The solutions without wormhole structure have incomplete radial null geodesics
for the same reasons as the Reissner-Nordstro¨m solution in four dimensions, namely,
because the limiting boundary r = 0 is reached in a finite affine time. When the
condition Meff/q
2 < −ζ is satisfied, where Meff ≡ λ2M + 2q2λ ln[rmin/r0], then time-like
and non-radial geodesics are reflected before reaching r = rmin. For Meff/q
2 > −ζ ,
time-like and non-radial geodesics (L 6= 0) terminate at the circumference r = rmin
because causality prevents them from bouncing back to r > rmin and an infinite barrier
prohibits their extension below rmin.
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It turns out that the replacement of the GR-point like singularity by a wormhole
seems to be quite a generic prediction of extensions of GR formulated in the Palatini
approach, where the ghost-free and second-order character of the field equations
is not restricted to the case of Born-Infeld gravity, but also extends to the more
standard scenario where curvature scalars are directly added to the gravitational action
[54]. On the other hand, the result regarding wormholes has been observed in four
spacetime dimensions both for f(R) gravity [51] and extensions containing Ricci-squared
corrections [55], in Born-Infeld gravity (with s = −1 [40]), as well as in higher-
dimensional generalizations [41]. The results obtained in this paper are in agreement
with the two different mechanisms for the resolution of spacetime singularities observed
in those works: either the wormhole lies on the future (or past) boundary of the
spacetime, since it is reached by null geodesics in an infinite affine time (this is what
occurs in the s = −1 case, see Fig.5), or the wormhole can be reached in a finite affine
time by null and time-like geodesics but these can be smoothly extended from the throat
to arbitrarily large values of the affine parameter (s = +1 case, see Fig.6). The latter
solutions, which can be easily generalized beyond the 2 + 1 dimensional case, represent
a feature previously unnoticed in the literature of Born-Infeld gravity in four and higher
dimensions.
To conclude, these novelties and the regular character (as given by geodesic
completeness) of all the BTZ-type wormhole solutions for the whole spectrum of mass
and charge in Born-Infeld gravity represent an interesting extension of the standard BTZ
solution of GR. Subsequent analysis of these results might enlarge the thermodynamic
and holographic applications of the BTZ-like solutions in 2+1 spacetimes. The presence
of curvature divergences at the wormhole throat also deserve further investigation to
understand their implications. Work along these lines is currently underway.
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